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Abstract
We study Rainich-like conditions for symmetric and trace-free tensors T. For arbitrary
even rank we find a necessary and sufficient differential condition for a tensor to satisfy the
source free field equation. For rank 4, in a generic case, we combine these conditions with
previously obtained algebraic conditions to obtain a complete set of algebraic and differential
conditions on T for it to be a superenergy tensor of a Weyl candidate tensor satisfying the
Bianchi vacuum equations. By a result of Bell and Szekeres this implies that in vacuum,
generically, T must be the Bel-Robinson tensor of the spacetime. For the rank 3 case we derive
a complete set of necessary algebraic and differential conditions for T to be the superenergy
tensor of a massless spin 3/2 field satisfying the source free field equation.
1
1 Introduction
Given a symmetric trace-free divergence-free tensor Tab satisfying the dominant energy condition
(Tabu
avb ≥ 0 for all future-directed causal vectors ua and va), one can ask what more is required
of Tab for it to be the energy-momentum tensor of some given physical field. It turns out that to
completely characterize Tab we will need both an algebraic and a differential condition. Assuming
dimension 4 and Lorentzian metric, the following is a result in classical Rainich-Misner-Wheeler
theory [12, 13, 14]:
Theorem 1 A symmetric trace-free tensor Tab which satisfies the dominant energy condition
can be written Tab = −12(FacFbc + ∗Fac∗Fbc) ≡ −FacFbc + 14gabFcdF cd, where Fab is a 2-form, if
and only if
TacTb
c =
1
4
gabTcdT
cd . (1)
Here ∗Fab is the dual 2-form of Fab. Removing the assumption of the dominant energy
condition Theorem 1 is still true up to sign [7] : ±Tab = −12(FacFbc + ∗Fac∗Fbc) if and only if
(1) is satisfied.
A tensor Tab fulfilling the requirements of the theorem is algebraically the energy-momentum
tensor of a Maxwell field Fab. Equivalently a tensor satisfying the given requirements can be
written Tab = 2ϕABϕ¯A′B′ where ϕAB is a spinor representing the Maxwell field. In the theorem
Fab is only determined up to a duality rotation Fab → Fab cos θ + ∗Fab sin θ which corresponds
to ϕAB → e−iθϕAB .
Of course we will have to accompany this algebraic condition with a differential condition
that assures that the field Fab (or equally ϕAB) satisfies the source-free Maxwell’s equations.
The following is known [12, 13, 14]
Theorem 2 Suppose that Tab = −12(F˜acF˜bc + ∗F˜ac∗F˜bc) for some 2-form F˜ab and that ∇aTab =
0 6= TabT ab. Then Tab = −12(FacFbc + ∗Fac∗Fbc) for some 2-form Fab satisfying the source-free
Maxwell equations ∇[aFbc] = 0 = ∇aF ab, if and only if
∇bSa = ∇aSb where Sc =
eac
pqTbp∇qT ab
TefT ef
(2)
Note that Fab is obtained from F˜ab by a duality rotation and that the source-free Maxwell
equations in spinor form are just ∇AA′ϕAB = 0 [13]. Using spinors, Theorem 2 can equivalently
be written
Theorem 3 Suppose that Tab = 2φABφ¯A′B′ for some symmetric spinor φAB and that ∇aTab =
0 6= TabT ab. Then Tab = 2ϕABϕ¯A′B′ for some symmetric spinor ϕAB satisfying ∇AA′ϕAB = 0 if
and only if (2) is satisfied.
The validity of Theorems 2 and 3 is obviously restricted to cases where TabT
ab 6= 0, i.e. when
the two principal null directions of ϕAB are different (non-null electromagnetic fields). In the
null case results cannot be stated in an equally simple way, see [9, 11].
Theorems 1 and 2 imply
2
Corollary 4 A symmetric trace-free and divergence-free tensor Tab with TabT
ab 6= 0 is, up to
sign, the energy-momentum tensor of a source-free Maxwell field if and only if (1) and (2) are
satisfied.
If one uses Einstein’s equation, Tab may be replaced by the Ricci tensor Rab in the corollary
since Tab is trace-free. In this case the Ricci tensor is automatically divergence-free so this is
not needed as a condition. Equations (1) and (2) are then satisfied for Rab if and only if Rab is
the Ricci tensor for an Einstein-Maxwell spacetime.
The algebraic result of Theorem 1 has been generalized to arbitrary dimension and arbitrary
trace of Tab when (1) is assumed [7], and to cases in higher dimension when (1) is replaced by a
third-order equation for Tab [4]. In these generalizations only rank-2 tensors Tab were considered.
We will here generalize Theorems 1 and 2 to include symmetric trace-free tensors of rank 3 and
4. For higher rank tensors the dominant energy condition is replaced by a generalization called
the dominant property,
Ta1...aru
a1
1 ...u
ar
r ≥ 0 (3)
for all causal vectors uakk . The spacetime dimension will always be four here and the metric will
be assumed to be of Lorentzian signature. The methods will be spinorial so that we will start by
reviewing necessary facts about these. After that a differential condition for symmetric trace-
free and divergence-free tensors of even rank is obtained, generalizing Theorem 2, and applied
to the Bel-Robinson tensor. The algebraic condition for the Bel-Robinson tensor was already
obtained in [5] and we can now give a complete characterization of the Bel-Robinson tensor.
The Bel-Robinson tensor is the so-called superenergy tensor of the Weyl tensor or the Weyl
spinor. To any tensor on a Lorentzian manifold there is a corresponding superenergy tensor of
even rank and this always has the dominant property [3, 15]. In [10] this definition was extended
to include also superenergy tensors of spinors, which may then be of odd rank. Here we derive
both algebraic and differential conditions on symmetric trace-free and divergence-free tensors of
rank 3, giving a complete characterization of superenergy tensors of massless spin-32 fields.
2 Some useful spinor identities
We review some well-known facts about spinors that will be important to us. The formulas can be
found in the book by Penrose and Rindler [13] and we also follow their notation and conventions
(except for a factor 4 in the definition of the Bel-Robinson tensor). Spinor expressions for general
superenergy tensors are given in [3].
We use capital letters A,B, . . . , A′, B′, . . . for spinor indices and identify with tensor indices
a, b, . . . according to AA′ = a. A spinor PABQ , where Q represents some set of spinor indices,
can be divided up into its symmetric and antisymmetric parts with respect to a pair of indices
PABQ =
1
2
(PABQ + PBAQ) +
1
2
(PABQ − PBAQ) = P(AB)Q + P[AB]Q .
The antisymmetric part can be written
P[AB]Q =
1
2
εABPC
C
Q ,
3
where εAB = −εBA, so
PABQ = P(AB)Q +
1
2
εABPC
C
Q . (4)
From this one also has
PABQ = PBAQ + εABPC
C
Q . (5)
A simple but very useful rule is
PC
C
Q = −PCCQ . (6)
Note that if PabQ = PbaQ then we have
PBAA′B′Q = PabQ −
1
2
gabPc
c
Q ,
where gab = εAB ε¯A′B′ ; so permuting A and B gives a trace reversal. From this we find another
formula we shall need (with PabQ not necessarily symmetric in ab)
P(AB)(A′B′)Q = P(ab)Q −
1
4
gabPc
c
Q . (7)
The completely antisymmetric tensor eabcd, normalized by eabcde
abcd = −24, can be written
eabcd = iεACεBDεA′D′εB′C′ − iεADεBCεA′C′εB′D′
Raising the indices cd and applying this tensor to the tensor PcdQ = PCC′DD′Q gives the following
useful relation
eAA′BB′
CC′DD′PCC′DD′Q = i(PABB′A′Q − PBAA′B′Q) (8)
For reference, we also state the relations between corresponding tensorial and spinorial objects
of interest. The relation between a 2-form Fab and a symmetric spinor ϕAB is
Fab = ϕAB ε¯A′B′ + ϕ¯A′B′εAB ; ϕAB =
1
2
FAC′B
C′
and one also has
−FacFbc + 1
4
gabFcdF
cd = 2ϕABϕ¯A′B′ .
For the Weyl tensor Cabcd and the completely symmetric Weyl spinor ΨABCD the corresponding
relations are
Cabcd = ΨABCDε¯A′B′ ε¯C′D′ + Ψ¯A′B′C′D′εABεCD ; ΨABCD =
1
4
CAE′B
E′
CF ′D
F ′ (9)
and
CakclCb
k
d
l + ∗Cakcl
∗Cb
k
d
l = 4ΨABCDΨ¯A′B′C′D′ . (10)
That a tensor Ta...b is completely symmetric and trace-free is very elegantly expressed in an
equivalent way using spinor indices as
Ta...b = T(A...B)(A′...B′) .
We shall study when a tensor can be factorized in terms of spinors. If a tensor τa...b can be
written
τa...b = χA...Bχ¯A′...B′ , (11)
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for some spinor χA...B, then it follows that τa...b satisfies the dominant property (3) and
τA
′...B′
A...B τ
C′...D′
C...D = τ
C′...D′
A...B τ
A′...B′
C...D . (12)
Conversely, suppose that τa...b satisfies (12). Let u
a, . . . , va be future-directed null vectors such
that τa...bu
a . . . vb = k 6= 0. Such null vectors must exist since otherwise, by taking linear
combinations, we would get τa...bu
a . . . vb = 0 for all vectors which would imply τa...b = 0 . Then
write the null vectors in terms of spinors as ua = αAα¯A
′
, . . . , va = βAβ¯A
′
. Contract (12) with
these spinors to get
τA...BA′...B′τC...DC′...D′α
C α¯C
′
. . . βDβ¯D
′
= (τA...BC′...D′α¯
C′ . . . β¯D
′
)(τC...DA′...B′α
C . . . βD)
from which follows that τa...b and −τa...b can be factorized as in (11), one of them with χA...B =
1√
|k|
τA...BC′...D′α¯
C′ . . . β¯D
′
and the other with an extra i in the factor, and that either τa...b or
−τa...b has the dominant property.
Finally, we introduce the following useful notation
T · T = Ta...bT a...b
for any tensor Ta...b.
3 Differential conditions for even rank
Suppose the tensor Ta1...ar , with r even, can be factorized according to
Ta1...ar = ΨA1...ArΨ¯A′
1
...A′r
with ΨA1...Ar symmetric. Then Ta1...ar is symmetric, trace-free and satisfies the dominant prop-
erty. Note that Ta1...ar is invariant under ΨA1...Ar → e−iθΨA1...Ar . We now prove a generalization
of Theorem 2 (or Theorem 3).
Theorem 5 Let r be even and suppose that ∇a1Ta1...ar = 0 6= T ·T and Ta1...ar = ΦA1...ArΦ¯A′
1
...A′r
for some totally symmetric ΦA1...Ar . Then Ta1...ar = ΨA1...ArΨ¯A′
1
...A′r
for some totally symmetric
ΨA1...Ar satisfying ∇A1A
′
1ΨA1...Ar = 0 if and only if
∇aSb = ∇bSa, where Sb =
ea1b
pqTpa2...ar∇qT a1a2...ar
T · T
Proof. Since Ta1...ar = ΦA1...ArΦ¯A′
1
...A′r
is preserved under ”rotations” ΦA1...Ar → eiχΦA1...Ar (χ
real), we may assume that
K =
1
2
ΦA1...ArΦ
A1...Ar
is real (otherwise rotate ΦA1...Ar with a suitable χ).
Now, we want to find the condition for the existence of some ΨA1...Ar with ΨA1...Ar =
Ψ(A1...Ar), Ta1...ar = ΨA1...ArΨ¯A′1...A′r and ∇A1A
′
1ΨA1...Ar = 0. Clearly we can write ΨA1...Ar =
e−iθΦA1...Ar for some real θ with ΦA1...Ar as above. If ΨA1...Ar satisfies the given field equations
we have (using the Leibniz rule)
5
∇A1A′1(e
−iθΦA1...Ar) = e−iθ∇A1A′1Φ
A1...Ar − ie−iθΦA1...Ar∇A1A′1θ = 0
Cancelling the e−iθ and contracting with ΦBA2...Ar we get
ΦBA2...Ar∇A1A′1Φ
A1A2...Ar − iΦBA2...ArΦA1A2...Ar∇A1A′1θ = 0
Using (5), (6) and the fact that r is even we have
ΦBA2...ArΦ
A1A2...Ar = εB
A1K
so we arrive at
ΦBA2...Ar∇A1A′1Φ
A1A2...Ar − iK∇BA′
1
θ = 0
Relabeling A1 and B we get
∇A1A′1θ =
1
iK
ΦA1A2...Ar∇BA′
1
ΦBA2...Ar
If we define a vector
SA1A′1 =
1
iK
ΦA1A2...Ar∇BA′
1
ΦBA2...Ar (13)
then, expanding ∇bTba2...ar = ∇BB
′
(ΦBA2...ArΦ¯B′A′
2
...A′r
) = 0 by Leibniz’ rule and contracting
by ΦA1A2...ArΦ¯A
′
1
A′
2
...A′r we get
ε¯B′
A′
1KΦA1A2...Ar∇BB′ΦBA2...Ar + εBA1KΦ¯A′
1
A′
2
...A′r
∇BB′Φ¯B
′A′
2
...A′r = 0
or
ΦA1A2...Ar∇BA′
1
ΦBA2...Ar + Φ¯A′
1
A′
2
...A′r
∇A1B′Φ¯B
′A′
2
...A′r = 0 ,
hence the vector ΦA1A2...Ar∇BA′
1
ΦBA2...Ar is purely imaginary and therefore Sa is a real vector.
We want to translate the right hand side of (13) into a tensorial expression. Differentiate
the tensor Ta1...ar = ΦA1...ArΦ¯A′
1
...A′r
and make one contraction, leading to
∇A1B′TA1A
′
1
a2...ar = Φ¯A
′
1
...A′r∇A1B′ΦA1...Ar +ΦA1...Ar∇A1B′Φ¯A
′
1
...A′r
If we contract this with TBA′
1
A2A
′
2
...ArA′r
we get, again using that r is even,
TBA′
1
a2...ar∇A1B′TA1A
′
1
a2...ar = 2ΦBA2...ArK∇A1B′ΦA1A2...Ar + εBA1K∇A1B′K
Now we can use (13) to get
TBA′
1
a2...ar∇A1B′TA1A
′
1
a2...ar = 2iK2SBB′ +K∇BB′K
On the right-hand side the first term is purely imaginary and the second is real, so taking the
complex conjugate and then taking the difference results in
TBA′
1
a2...ar∇A1B′TA1A
′
1
a2...ar − TB′A1a2...ar∇BA′
1
TA1A
′
1
a2...ar = 4iK2SBB′
Finally we can use (8) on the index pairs A1A
′
1 and BB
′ to get
6
4iK2SBB′ = iea1BB′
pqTpa2...ar∇qT a1a2...ar
Here 4K2 = T · T so we get the formula
Sb =
ea1b
pqTpa2...ar∇qT a1a2...ar
T · T (14)
Conversely, with Sa given by (14), there is a real solution θ (determined up to an additive
constant) to the equation ∇aθ = Sa if the integrability condition
∇aSb = ∇bSa
is satisfied. This completes the proof.

Note that the above proof does not hold for odd r in which case ΨA1...ArΨ
A1...Ar = 0 so
T · T = 0 as well.
4 Complete Rainich theory for the Bel-Robinson tensor for Petrov
types I, II and D
As mentioned earlier, the algebraic Rainich condition for the Bel-Robinson tensor was obtained
in [5] but we restate the result here
Theorem 6 A completely symmetric and trace-free rank-4 tensor Tabcd is, up to sign, a Bel-
Robinson type tensor, i.e. ±Tabcd = CakclCbkdl+∗Cakcl∗Cbkdl where Cabcd has the same algebraic
symmetries as the Weyl tensor, if and only if
TjabcT
jefg = 32g(a
(eTbc)jkT
fg)jk + 34g(a
(eT|jk|b
fTc)
g)jk − 34g(abTc)jk(eT fg)jk
− 34g(efTjk(abTc)g)jk + 132 (3g(abgc)(egfg) − 4g(a(egbfgc)g))TjklmT jklm (15)
Equivalently this may also be stated as Tabcd is the superenergy tensor [15] of a Weyl candidate
tensor (that is a tensor with same algebraic symmetries as the Weyl tensor: Cabcd = −Cbacd =
−Cabdc = Ccdab, Cabcd + Cadbc + Cadcb = 0, Cabad = 0). As shown in [5] the identity (15) in
Theorem 6 can equivalently be replaced by
Tjbc(aTe)
jfg = g(b
(fTc)jk(aTe)
g)jk − 14gfgTjkb(aTe)cjk − 14gbcTjkf (aTe)gjk
+ 14gae(TjkbcT
jkfg + 18(gbcg
fg − gbfgcg − gbggcf )T · T )
In terms of spinors we can state Theorem 6 as
Theorem 7 A completely symmetric and trace-free rank-4 tensor Tabcd can be written ±Tabcd =
ΨABCDΨ¯A′B′C′D′ with ΨABCD = Ψ(ABCD) if and only if (15) is satisfied.
Thus from a spinorial viewpoint this is a natural generalization of the classical Rainich theory.
We can then ask the same question as in the classical case, e.g. what is required in order to
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have Cabcd (or ΨABCD) satisfy some field equations? In this case we choose the source-free
gravitational field equations
∇AA′ΨABCD = 0 (16)
for the Weyl spinor that hold whenever Einstein’s vacuum equations hold. The tensor form of the
equation (16) is the vacuum Bianchi identity ∇[aCbc]de = 0 (⇔ ∇aCabcd = 0 in four dimensions)
for the Weyl tensor. From Theorem 5, we immediately have the following generalization of
Theorem 2,
Corollary 8 If Tabcd = ΦABCDΦ¯A′B′C′D′ for a completely symmetric spinor ΦABCD and if
∇aTabcd = 0, then in a region where T ·T 6= 0 we have Tabcd = ΨABCDΨ¯A′B′C′D′ for a completely
symmetric spinor ΨABCD satisfying ∇AA′ΨABCD = 0 if and only if
∇aSb = ∇bSa, where Se =
eae
pqTbcdp∇qT abcd
T · T (17)
This corollary gives a differential Rainich like condition on the Bel-Robinson tensor. Combining
Theorem 6 (or 7) and Corollary 8 we get the rank-4 generalization of Corollary 4 which gives
the complete Rainich theory for Bel-Robinson type tensors. The tensor version is
Corollary 9 Suppose that Tabcd is completely symmetric, trace-free and divergence-free and that
T ·T 6= 0. Then ±Tabcd = CakclCbkdl+ ∗Cakcl∗Cbkdl for a Weyl candidate tensor Cabcd satisfying
∇[aCbc]de = 0 if and only if (15) and (17) are satisfied.
Expressed in terms of spinors we get
Corollary 10 Suppose that Tabcd is completely symmetric, trace-free and divergence-free and
that T · T 6= 0. Then ±Tabcd = ΨABCDΨ¯A′B′C′D′ for a completely symmetric spinor ΨABCD
satisfying ∇AA′ΨABCD = 0 if and only if (15) and (17) are satisfied.
We now proceed to see when these conditions imply that Cabcd is not only a Weyl candidate
tensor satisfying ∇[aCbc]de = 0 but the actual Weyl tensor of the spacetime. First of all, T ·T = 0
if and only if the spacetime is of Petrov type III or N [2]. Thus we restrict ourselves to
spacetimes of Petrov type I, II and D. Bell and Szekeres [1] call a spacetime in which (16) is
satisfied by the actual Weyl spinor a C-space, hence all vacuum spacetimes are C-spaces. This
is also equivalent to the vanishing of the Cotton tensor Cabc = 2∇[aRb]c + 13gc[a∇b]R [8]. For
spacetimes of Petrov type I, Bell and Szekeres prove
Theorem 11 In an algebraically general C-space the source free field equations (16) (the vacuum
Bianchi identities) have a unique solution to within constant multiples, or its solutions are linear
combinations of at most two independent solutions.
In [1] conditions for the cases with non-unique solutions are given and the authors claim that
most physically acceptable metrics do not satisfy these conditions. As the conditions are not
so simply stated, we refer to [1] for further discussion. With the exception of these cases, there
is, up to a multiplicative constant, a unique solution to (16) which then is of course the Weyl
spinor (so the gravitational field is uniquely determined by the Bianchi identities).
For Petrov types II and D, let oA, ιA be a spin basis, such that oA is the repeated principal
null direction in spacetimes of Petrov type II, and such that oA and ιA are the repeated principal
null directions in spacetimes of Petrov type D, and let, for the remaining of this section, ΨABCD
denote the actual Weyl spinor of spacetime. Then the following was proved in [1]
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Theorem 12 In a C-space of Petrov type II, the solution ΦABCD of the source free field equa-
tions (16) is unique up to a constant α and null type fields N1ABCD = βoAoBoCoD with β a scalar,
according to ΦABCD = αΨABCD+N
1
ABCD where ΨABCD is the Weyl spinor. For Petrov type D
the solution can be written ΦABCD = αΨABCD+N
1
ABCD+N
2
ABCD, where N
2
ABCD = γιAιBιCιD
with γ a scalar.
In deriving these theorems Bell and Szekeres use the Buchdahl conditions [13]
ΨABC (DΦE...F )ABC = 0
which are algebraic consistency conditions that relate any solution ΦA1...An of the spin
n
2 -equation
∇A1A′1ΦA1...An = 0 to the Weyl spinor ΨABCD. Using these results we have
Corollary 13 In C-spaces (including vacuum spacetimes), if Tabcd is completely symmetric,
trace-free and divergence-free, then, generically (Petrov type I and excluding the exceptions given
in [1]) and up to a constant factor, Tabcd is the Bel-Robinson tensor of spacetime if and only if
(15) and (17) are satisfied.
For Petrov types II and D the following weaker conclusion can be drawn
Corollary 14 In C-spaces (including vacuum spacetimes), if Tabcd is completely symmetric,
trace-free and divergence-free and if spacetime is of Petrov type II (D), then Tabcd = χABCDχ¯A′B′C′D′
where χABCD = αΨABCD + N
1
ABCD (χABCD = αΨABCD + N
1
ABCD + N
2
ABCD) if and only if
(15) and (17) are satisfied.
Note that the freedom in these cases does not preserve the principal null directions or even the
Petrov type.
5 Algebraic conditions for rank 3
In Senovilla’s original definition of superenergy tensors of arbitrary tensors [15], all superenergy
tensors are of even rank. However, in [6] tensors of the form ΨABCΨ¯A′B′C′ were used to study
causal propagation of spin-32 fields. In [10] Senovilla’s definition has been extended to include
superenergy tensors of spinors and these may be of odd rank. Then, for instance, the superenergy
tensor of a completely symmetric spinor ΨA1...Ar of arbitrary rank is Ta1...ar = ΨA1...ArΨ¯A′
1
...A′r
.
We now go on and study Rainich type conditions for the rank-3 case, beginning with an algebraic
characterization.
Theorem 15 A completely symmetric and trace-free rank-3 tensor Tabc can be written ±Tabc =
ΨABCΨ¯A′B′C′ with ΨABC = Ψ(ABC) if and only if
TabjT
dej = g(a
(dTb)jkT
e)jk − 1
4
gabT
d
jkT
ejk − 1
4
gdeTajkTb
jk (18)
Proof. By the results in Section 2 we must prove that (18) is equivalent to
TA
′B′C′
ABC T
D′E′F ′
DEF − TD
′E′F ′
ABC T
A′B′C′
DEF = 0 (19)
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We follow the method developed in [5] and divide up the left hand side in symmetric and
antisymmetric parts with respect to the pairs A′D′, B′E′ and C ′F ′. Antisymmetric parts
correspond to traces so for terms with 3, 2, 1 or 0 symmetrizations we have, respectively,
T
(C′|(B′|(A′
ABC T
D′)|E′)|F ′)
DEF − T (F
′|(E′|(D′
ABC T
A′)|B′)|C′)
DEF = 0
T
(B′|(A′
J ′ABC T
D′)|E′)J ′
DEF − T J
′(E′|(D′
ABC T
A′)|B′)
DEFJ ′ = 2T
(B′|(A′
J ′ABC T
D′)|E′)J ′
DEF
T
(A′
J ′K ′ABCT
D′)J ′K ′
DEF − T J
′K ′(D′
ABC T
A′)
DEFJ ′K ′ = 0
TJ ′K ′L′ABCT
J ′K ′L′
DEF − T J
′K ′L′
ABC TDEFJ ′K ′L′ = 2TJ ′K ′L′ABCT
J ′K ′L′
DEF
Therefore (19) is equivalent to
T
(B′|(A′
J ′ABC T
D′)|E′)J ′
DEF = 0 = TJ ′K ′L′ABCT
J ′K ′L′
DEF
Now, continuing in the same way with respect to the unprimed indices of these two expressions,
expressions with an odd total number of contractions vanish. Hence (19) is equivalent to
T
(B′|(A′
j(B|(A T
D′)|E′)j
D)|E) = 0 , T
(B′|(A′
jKL T
D′)|E′)jKL = 0 , TjK ′L′(B|(AT
jK ′L′
D)|E) = 0 , TjklT
jkl = 0 (20)
Now divide TB
′A′
jBA T
D′E′j
DE up into symmetric and antisymmetric parts four times in the index
pairs A′D′, AD, BE and B′E′. Again, terms with an odd number of contractions vanish and
we get
TB
′A′
jBA T
D′E′j
DE = T
(B′|(A′
j(B|(A
T
D′)|E′)j
D)|E)
+ 14εBEεADT
(B′|(A′
jKL T
D′)|E′)jKL
+14 ε¯
B′E′ ε¯A
′D′TjK ′L′(B|(AT
jK ′L′
D)|E) +
1
4εBE ε¯
B′E′T
(A′
jk(AT
D′)jk
D)
+14εADε¯
A′D′T
(B′
jk(BT
E′)jk
E) +
1
4εBE ε¯
A′D′T
(B′
jk(AT
E′)jk
D)
+14εADε¯
B′E′T
(A′
jk(BT
D′)jk
E) +
1
16εBEεADε¯
B′E′ ε¯A
′D′TjklT
jkl
Since an expression is zero if and only if all its symmetric and antisymmetric parts are zero we
get that (19) is equivalent to
TB
′A′
jBA T
D′E′j
DE =
1
4εBE ε¯
B′E′T
(A′
jk(AT
D′)jk
D) +
1
4εAD ε¯
A′D′T
(B′
jk(BT
E′)jk
E)
+14εBE ε¯
A′D′T
(B′
jk(AT
E′)jk
D) +
1
4εADε¯
B′E′T
(A′
jk(BT
D′)jk
E)
(21)
Now, note that, by using (5) on A′B′
εBE ε¯
A′D′T
(B′
jk(AT
E′)jk
D) = εBE ε¯
B′D′T
(A′
jk(AT
E′)jk
D) + ε¯
A′B′εBE ε¯M ′
D′T
(M ′
jk(AT
E′)jk
D)
= εBE ε¯
B′D′T
(A′
jk(AT
E′)jk
D) + ε¯
A′B′εBET
(D′
jk(AT
E′)jk
D)
Applying (5) with respect to DE in the first term and AE in the second we have
εBE ε¯
A′D′T
(B′
jk(AT
E′)jk
D) = εBD ε¯
B′D′T
(A′
jk(AT
E′)jk
E) + εDEεB
M ε¯B
′D′T
(A′
jk(AT
E′)jk
M)
+εBAε¯
A′B′T
(D′
jk(ET
E′)jk
D) + εAEεB
M ε¯A
′B′T
(E′
jk(MT
D′)jk
D)
= εBD ε¯
B′D′T
(A′
jk(AT
E′)jk
E) + εDE ε¯
B′D′T
(A′
jk(AT
E′)jk
B)
−εAB ε¯A′B′T (D
′
jk(DT
E′)jk
E) + εAE ε¯
A′B′T
(D′
jk(BT
E′)jk
D)
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In the same way, first acting on DE and then on A′B′ and B′D′, we find
εADε¯
B′E′T
(A′
jk(BT
D′)jk
E) = εAE ε¯
A′E′T
(B′
jk(BT
D′)jk
D) − εAE ε¯A
′B′T
(D′
jk(BT
E′)jk
D)
−εDE ε¯D′E′T (A
′
jk(AT
B′)jk
B) − εDE ε¯B
′D′T
(A′
jk(AT
E′)jk
B)
Substituting these expressions into (21) gives
TB
′A′
jBA T
D′E′j
DE =
1
4εBE ε¯
B′E′T
(A′
jk(AT
D′)jk
D) +
1
4εADε¯
A′D′T
(B′
jk(BT
E′)jk
E) +
1
4εAE ε¯
A′E′T
(B′
jk(BT
D′)jk
D)
+14εBDε¯
B′D′T
(A′
jk(AT
E′)jk
E) − 14εAB ε¯A
′B′T
(D′
jk(DT
E′)jk
E) − 14εDE ε¯D
′E′T
(A′
jk(AT
B′)jk
B)
Lowering indices, we use (7) to rewrite this to
TjabTde
j = 14gbeTjkaT
jk
d +
1
4gadTjkbT
jk
e +
1
4gaeTjkbT
jk
d
+14gbdTjkaT
jk
e − 14gabTjkdT jke − 14gdeTjkaT jkb
(22)
where we also used TjklT
jkl = 0. Since (22) is equivalent to (19) the proof is completed.

6 Differential conditions for rank 3
It is clear that the methods of Section 3 do not work for odd rank. We have e.g. that Ta...bT
a...b =
0 in this case and it is important if (6) is used an even or odd number of times. We present
here a condition for rank 3 but it can be generalized to higher odd rank. Given a completely
symmetric spinor ΨABC we define a symmetric spinor
ψAB = ΨACDΨB
CD
Writing
ΨABC = α(AβBγC)
where αA, βA and γA are the three principal null directions of ΨABC , we may say that ΨABC
is of type I, II or N if the principal null directions are all distinct, if two coincide, or if all three
coincide, respectively. It is then easy to see that ψAB = 0 if and only if ΨABC is of type N
and that ψABψ
AB 6= 0 if and only if ΨABC is of type I. With Tabc = ΨABCΨ¯A′B′C′ we see
TacdTb
cdT aefT
bef 6= 0 if and only if ΨABC is of type I. For type I, the generic case, we have the
following
Theorem 16 Suppose that Tabc = ΦABCΦ¯A′B′C′ for some symmetric spinor ΦABC and that
∇aTabc = 0 6= TacdTbcdT aefT bef . Then Tabc = ΨABCΨ¯A′B′C′ for some symmetric spinor ΨABC
satisfying ∇AA′ΨABC = 0 if and only if
∇aSb = ∇bSa where Sh =
ehaefTemnT
bmnTb
cd∇fTacd
TacdTbcdT aefT bef
(23)
Proof. Since Tabc = ΦABCΦ¯A′B′C′ is preserved under ”rotations” ΦABC → eiχΦABC (χ real), we
may assume that the symmetric spinor φAB = ΦACDΦB
CD has the property that
k = φABφ
AB
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is real (otherwise rotate with a suitable χ). Now we want to find the condition for the existence
of some ΨABC with ΨABC = Ψ(ABC), Tabc = ΨABCΨ¯A′B′C′ and ∇AA′ΨABC = 0. Clearly we can
write ΨABC = e
−iθΦABC for some real θ. The differential equation becomes
∇AA′ΨABC = ∇AA′(e−iθΦABC) = e−iθ(∇AA′ΦABC − iΦABC∇AA′θ) = 0
Multiplying by ΦDBC we have
ΦDBC∇AA′ΦABC − iφAD∇AA′θ = 0
Then multiply by φDE and use that φD
EφAD is antisymmetric in AE. This implies
φDEΦ
D
BC∇AA′ΦABC = −
i
2
kεE
A∇AA′θ = −
i
2
k∇EA′θ
Hence
∇eθ = 2i
k
φDEΦ
D
BC∇AE′ΦABC
Define a vector
Se =
2i
k
φDEΦ
D
BC∇AE′ΦABC (24)
which is real since applying Leibniz’ rule to ∇aTabc = ∇AA′(ΦABCΦ¯A′B′C′) = 0, contracting with
φDEφ¯D′E′Φ
DBCΦ¯D
′B′C′ and using 2φABφ
A
C = kεBC , one finds that the vector φDEΦ
D
BC∇AE′ΦABC
is purely imaginary.
Next, translate the right hand side of (24) into a tensorial expression. We have
T bmnTb
cdTHA
′
mn∇AH′Tacd
= T bmnTb
cdTHA
′
mn∇AH′(ΦACDΦ¯A′C′D′)
= ΦBMN Φ¯B
′M ′N ′ΦB
CDΦ¯B′
C′D′ΦHMN Φ¯
A′
M ′N ′(Φ¯A′C′D′∇AH′ΦACD +ΦACD∇AH′Φ¯A′C′D′)
= φ¯A
′B′ φ¯A′B′φ
BHΦB
CD∇AH′ΦACD + φBHφABφ¯A′B′Φ¯B′C′D′∇AH′Φ¯A′C′D′
= k(− ik2 )SHH
′
+ 12kεA
H φ¯A
′B′Φ¯(B′
C′D′∇AH′Φ¯A′)C′D′
= − i2k2Sh + 12kφ¯A
′B′ 1
2∇HH
′
(Φ¯B′
C′D′Φ¯A′C′D′)
= − i2k2Sh + 14kφ¯A
′B′∇hφ¯A′B′
= − i2k2Sh + 18k∇h(φ¯A′B′ φ¯A
′B′)
= − i2k2Sh + 18k∇hk
Subtract the complex conjugate to get
T bmnTb
cd(THA
′
mn∇AH′ − TAH′mn∇HA′)Tacd = −ik2Sh
and apply (8) to get
Sh = − 1
k2
eahefT bmnTb
cdTemn∇fTacd (25)
Conversely, with the real vector Sa given by (25), the equation ∇aθ = Sa has a real solution θ
(determined up to an additive constant) if the integrability condition
∇aSb = ∇bSa
is satisfied. This proves the theorem.

12
7 Complete Rainich theory for rank 3
A symmetric rank-3 spinor ΨABC can be seen as representing a spin-
3
2 field on spacetime. The
field equations for a massless spin-32 field are
∇AA′ΨABC = 0
which are of the form in theorem 16 above. Thus collecting together the algebraic and differential
conditions for symmetric trace-free and divergence-free rank-3 tensors obtained above, we find
the following
Theorem 17 Suppose that Tabc is symmetric, trace-free, divergence-free and that TacdTb
cdT aefT
bef 6=
0. Then Tabc is the superenergy tensor of a massless spin-
3
2 field, i.e., Tabc = ΨABCΨ¯A′B′C′ for
some symmetric spinor ΨABC satisfying ∇AA′ΨABC = 0, if and only if
TabjT
dej = g(a
(dTb)jkT
e)jk − 1
4
gabT
d
jkT
ejk − 1
4
gdeTajkTb
jk
and
∇aSb = ∇bSa where Sh =
ehaefTemnT
bmnTb
cd∇fTacd
TacdTbcdT aefT bef
In analogy with the rank-2 and rank-4 cases, this can be seen as a complete Rainich theory,
in the mathematical sense since Tabc is not linked directly to the geometry via the field equations
in present physical theories, for rank-3 superenergy tensors for the generic (type I) case.
8 Discussion
We have presented a complete Rainich theory for superenergy tensors of rank 3 and 4 in four
dimensions in a generic case. However, the results obtained may be generalized to higher rank
superenergy tensors. The interpretation is clear as the equations involved are the equations
for a massless spin-n2 field. It is also possible to pursue other generalizations of these results.
For example one could consider massive spin-n2 fields, in which case it is obviously necessary to
modify the Theorems 5 and 16. One could also consider the rank-4 differential conditions in
spacetimes of Petrov type III and N , where T ·T = 0 and Theorem 5 does not apply. From the
results for the rank-2 case [9, 11] it is likely that this case will be rather complicated and that
it is not so easy to apply Bell-Szekeres [1] types of results here (which are already complicated
for any algebraically special case). Note, however, that the algebraic conditions also apply to
cases when T · T = 0. For generalizations to arbitrary spacetime dimension or to metrics of
arbitrary signature tensor methods would be needed and it is clear that these would be much
more complicated than the spinor methods we have used here.
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